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(a) Analytical Model and D.E. of Motion for the System: 

 

The analytical model, seen above to the left, will represent the cutting mechanical 

operation. Where, F(t), Ke, and Ce, denote the given applied force, equivalent spring constant, 

and damping coefficient respectively. Using the analytical model, a free-body diagram 

(F.B.D) is developed, seen above to the right. For both diagrams x, ,  and denote the 

positive direction of the system’s displacement, velocity, and acceleration.  

MathCad was utilized for computation and developing the needed program to solve the 

problem. Using the given information and assumption, Ke = K1 since K1 << K2, equations of 

the cutting, spring, and damping force’s with respect to time are formulated. These equations 

along with other given values are symbolically defined and can be seen below. 

 

 

 

Applying Newton’s 2ed Law to the (F.B.D), where the 

summation of forces acting on a system is equivalent to the 

product of the systems mass and acceleration, two sets of first 

order differential equations of motion are developed as a 

function of the systems acceleration. The first set, represents the 

time period in which the cutting force is applied and the latter 

for the time following the cutting force, both seen to the right. 

Where x, y, and t denote displacement, velocity and time 

respectively.  
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(b) Selection of Time Increment for Runge Kutta 4th Order Method: 

 

 

When developing a program utilizing the Runge-Kutta 4th 

Order Method, it is necessary to define a step increment of 

time at which the program will find a solution. For the given 

problem, the step increment is approximated between the 

natural period (τn) divided by 50 and 100. This rage is found, 

seen to the right (Finding Step), denoted by Steplow and 

Stephigh. Where ωn, denotes the natural frequency of the 

system.  

 

 

 

The step increment of time (Δt) chosen for the program is 

defined to the left (Set Up for Code). Also defined, time (t) with 

respect to the step increments j and i, as well as the increment (N) 

of j, which correlates to the time at which the cutting force ends 

(0.2s) and the increment (F) of i which correlates to the time the 

program will stop (0.6s).  

 

 

 

 

(c) Printout of Program Listing: 

The program developed utilizing the Runge-Kutta 4th Order Method, can be found on the 

following page. The program consist of two for loops, the first for the time period in which the 

cutting force is applied and the second for the time following the cutting force. The output of the 

developed program yields the displacement and velocity at each step increment of time. These 

output values are then defined, Displacement and Velocity respectively, also seen on the 

following page  
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(d) Results: 

The Table seen below, contains the found results of displacement (m) and velocity (𝑚 𝑠⁄ ) 

with respect to time (s). For practicality, since the developed program yields 900 results, 

every 30th solution is displayed within the graph. 

Time Displacement Velocity 

 0 0 0 

0.02 5.24E-05 9.14E-03 

0.04 4.40E-04 0.028 

0.06 1.08E-03 0.036 

0.08 1.96E-03 0.052 

0.1 3.14E-03 0.065 

0.12 4.55E-03 0.077 

0.14 6.24E-03 0.091 

0.16 8.19E-03 0.104 

0.18 0.01 0.117 

0.2 0.013 0.13 

0.22 -6.27E-03 -0.856 

0.24 7.81E-04 0.896 

0.26 2.43E-03 -0.633 

0.28 -3.39E-03 0.289 

0.3 2.83E-03 -0.012 

0.32 -1.62E-03 -0.142 

0.34 4.58E-04 0.179 

0.36 3.17E-04 -0.143 

0.38 -6.34E-04 0.077 

0.4 6.03E-04 -0.018 

0.42 -3.95E-04 -0.02 

0.44 1.56E-04 0.034 

0.46 2.19E-05 -0.031 

0.48 -1.11E-04 0.019 

0.5 1.24E-04 -6.82E-03 

0.52 -9.14E-05 -2.05E-03 

0.54 4.47E-05 6.19E-03 

0.56 -5.30E-06 -6.45E-03 

0.58 -1.77E-05 4.54E-03 

0.6 2.44E-05 -2.06E-03 
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(e)  

 

 

 

 

 

 

 

 

 

 

(f)  
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(g)  

 

 

 

 

 

 

 

 

 

 

 

(h) Maximum Inaccuracy: 

The maximum inaccuracy, symbolically defined to and 

found on the right, is equivalent to the maximum displacement 

of the system. Since the maximum displacement occurs when 

the cutting force is at its maximum with respect to time. The 

maximum is found to be the displacement at step time 

increment N. 


